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Abstract: The purpose of this paper is to determine all the maximal graded
subalgebras of the four infinite families of finite-dimensional graded Lie su-
peralgebras of odd Cartan type over an algebraically closed field of prime
characteristic p > 3. All the maximal graded subalgebras consist of three
types (I), (II) and (III). In addition, the maximal graded subalgebras of type
(III) consist of the maximal graded R-subalgebras and the maximal graded S-
subalgebras. In this paper we classify all the maximal graded subalgebras for
modular Lie superalgebras of odd Cartan type. We also determine the number
of conjugacy classes, representatives of conjugacy classes and the dimensions
for the maximal graded R-subalgebras and the maximal graded subalgebras
of type (II). Here, determining the maximal graded S-subalgebras is reduced
to determining the maximal subalgebras of classical Lie superalgebras p(n).
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0. Introduction
The maximal subsystems of an algebraic or geometric system can be used perfectly
to characterize the system. For example, the classification problem of primitive
transformation groups, posed by S. Lie in the 19th century, can be reduced to
the determination of certain maximal subgroups in Lie groups. The classification
problem of the maximal subalgebras (resp. subgroups) for a given algebra (resp.
group) is therefore a typical one.
This problem has been attracted a great attention and produced some beautiful
results. The early work was the classification of maximal subalgebras (resp. sub-
groups) for complex semisimple Lie algebra (resp. classical groups), which has been
developed in a different way by many authors (cf., for example, E.B. Dynkin [3, 4],
F.I. Karpelevich [10], A.I. Maltsev [16] and V.V. Morozov [18]). In particular, the
papers of Dynkin [3, 4] are representative, where the maximal subgroups of some
∗Correspondence: wendeliu@ustc.edu.cn
Supported by the NSF of China (11171055) and the NSF of the Education Department of
HLJ Province (12521158).
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classical groups and the maximal subalgebras of complex semisimple Lie algebras
are classified. The maximal subalgebras of finite-dimensional central simple alge-
bras were studied by A. Elduque [5] and M. Racine [19]. The classification for
maximal subalgebras of associative superalgebras, Jordan superalgebras and Lie
superalgebras has been developed by many authors (cf., for example, A. Elduque,
J. Laliena and S. Sacristan [6, 7], I. Shchepochkina [22, 23]). In particular, A.
Elduque, J. Laliena and S. Sacristan [6, 7] determined the maximal subalgebras of
finite-dimensional central simple superalgebras. I. Shchepochkina [22] determined
the maximal subalgebras of linear Lie superalgebras.
However, the classification of the maximal subalgebras (resp. subgroups) of sim-
ple Lie (super)algebras over a positive characteristic field (resp. algebraic groups)
is difficult to solve. Because of the great importance of the maximal subalgebras in
the classification theory of modular Lie (super)algebras, there are several attempts
to classify the maximal subalgebras of simple modular Lie (super)algebras. The
classification problem of the maximal subalgebras for Lie p-algebras and the maxi-
mal subgroups for simple algebraic groups over positive characteristic field has been
studied by many authors (cf., for example, M. I. Kuzenesov [11], H. Melikyan [17],
G. M. Seitz [20, 21], O. Ten [24] and B. Weisfeiler [25]). In particular, Melikyan
[17] classified the maximal graded subalgebras for modular Lie algebras of Cartan
type W , S, H , K over an algebraically closed field. Furthermore, Melikyan’s work
was generalized to the situation of modular Lie superalgebras of Cartan type W ,
S, H and K [2].
This paper is devoted to classifying all the maximal graded subalgebras of Lie
superalgebras of odd Cartan type HO, SHO, KO and SKO (for a definition, see
Section 1). Unlike in the case of modular Lie superalgebras of Cartan type W , S,
H and K, the modular Lie superalgebras of odd Cartan type are defined by odd
differential forms, which are analogous to the infinite-dimensional simple linearly
compact Lie superalgebras HO, SHO, KO and SKO (see [9]) over a field of char-
acteristic 0. Generally speaking, the structures of modular Lie superalgebras of
odd Cartan type are more complicated. In contrast to other modular Lie superal-
gebras of Cartan type, for such a Lie superalgebra, the Lie bracket induces an odd
skew supersymmetric, non-degenerate bilinear form on the −1th component of the
standard gradation, which is crucial to determine the isomorphic classes of maxi-
mal graded subalgebras. One may easily find a rough classification of the maximal
graded subalgebras for Lie superalgebras of odd Cartan type. Let L be such a Lie
superalgebra of the standard gradation
L = L−2 + L−1 + · · ·
with convention that L−2 = 0 for L = HO or SHO. A nontrivial subalgebra M is
called a maximal graded subalgebra (MGS) provided that M is Z-graded and that
no nontrivial Z-graded subalgebras of L contains strictly M . Note that L−1 is an
irreducible L0-module. It follows that
⊕i>0Li is an MGS of L.
Clearly, any other MGS, M , must fulfill exactly one of the following conditions:
(I) M−1 = L−1 and M0 = L0;
(II) M−1 is a nontrivial subspace of L−1;
(III) M−1 = L−1 but M0 6= L0.
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The paper is arranged as follows: The first section is to set some basic notions.
In Section 2, we establish a Z-homogeneous automorphism by the odd skew super-
symmetric, non-degenerate bilinear form on the −1th component of the standard
gradation and study the weight space decompositions. In Section 3, we construct
and determine all the MGS of type (I). In Section 4, we first establish a sufficient
and necessary condition for a graded subalgebra of type (II) to be maximal and
then give the number of conjugacy classes, representatives of conjugacy classes
and the dimensions for the maximal subalgebras of type (II). In Section 5, we still
first give a sufficient and necessary condition for a graded subalgebra to be max-
imal R-subalgebras of type (III) and then give the number of conjugacy classes,
representatives of conjugacy classes and the dimensions of these maximal subalge-
bras. Finally, the classification of the maximal graded S-subalgebras of type (III)
for L is reduced to the classification of the maximal subalgebras of classical Lie
superalgebras p(n).
We close this introduction by introducing the general conventions. The underly-
ing field F is an algebraically closed field of prime characteristic p > 3. In addition
to the standard notation Z, we write N and N0 for the sets of nonnegative integers,
positive integers, respectively. The field of two elements is denoted by Z2 = {0, 1}.
For any m,n ∈ Z, write m,n = {m,m + 1, . . . , n}, if m ≤ n and m,n = ∅, oth-
erwise. Write 〈X〉 for the (Z2-graded) subalgebra generated by a subset X of a
superalgebra. All vector spaces are finite-dimensional. All the subspaces, subal-
gebras and submodules are assumed to be Z2-graded and all the homomorphisms
of superalgebras are both Z2-homogeneous and Z-homogeneous. For a Z2-graded
vector space V and x ∈ V , the symbol |x| implies that x is a Z2-homogeneous
element and |x| is the parity.
1. Lie superalgebras of odd Cartan type
In this section we introduce simple Lie superalgebras of odd Cartan type. Fix two
positive integers m and n. Put
I0 = {1, 2, . . . ,m}, I1 = {m+ 1, . . . ,m+ n} and I = I0 ∪ I1.
Write
A(m) = {α = (α1, . . . , αm) ∈ N
m | 0 6 αi 6 p− 1, i ∈ I0}.
Let O(m) be the divided power algebra with F-basis {x(α) | α ∈ A(m)}. Let Λ(n)
be the exterior superalgebra over F of n variables xm+1, xm+2, . . . , xm+n. Then the
tensor product
O(m,n) = O(m) ⊗ Λ(n)
is an associative superalgebra with respect to the usual Z2-gradation.
Let
B(n) = {〈i1, i2, . . . , ik〉 | 0 6 k 6 n;m+ 1 6 i1 < i2 < · · · < ik 6 m+ n}
be the set of k-shuffles of strictly increasing integers in I1, 0 6 k 6 n.
For u = 〈i1, i2, . . . , ik〉 ∈ B(n), write |u| = k and xu = xi1xi2 · · ·xik (x
∅ = 1).
If g ∈ O(m) and f ∈ Λ(n) we simply write gf for g ⊗ f . Then O(m,n) has a
Z2-homogeneous F-basis
{x(α)xu | α ∈ A(m), u ∈ B(n)},
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which is called the standard basis of O(m,n).
For i ∈ I0 and εi = (δi1, δi2, . . . , δim), write xi for x(εi). Let ∂1, . . . , ∂m+n be the
superderivations of the superalgebra O(m,n) such that ∂i(xj) = δij . The parity of
∂i is |∂i| = τ(i), where τ (i) is 0¯ if i ∈ I0 and 1¯ if i ∈ I1. Put
W (m,n) =
{∑
i∈I
ai∂i | ai ∈ O(m,n), i ∈ I
}
.
Then W (m,n) = DerFO(m,n) is a finite-dimensional simple Lie superalgebra,
called the generalized Witt superalgebra. We simply write O and W for O(m,n)
and W (m,n), respectively. The so-called Lie superalgebras of odd Cartan type are
reviewed as follows.
1.1. Odd Hamiltonian Lie superalgebras. We introduce the odd Hamiltonian
Lie superalgebras. Suppose n ≥ 3 and define a linear operator DHO : O(n, n) −→
W (n, n) such that
DHO(f) =
2n∑
i=1
(−1)τ(i)|f |∂i(f)∂i′ ,
where ′ is an involution of the index set {1, . . . , 2n} sending i to i + n for i ≤ n.
Obviously, DHO is odd with kernel F · 1, and
[DHO(f), DHO(g)] = DHO(DHO(f)(g)), for all f, g ∈ O(n, n).
Write O¯(n, n) for the quotient superspace O(n, n)/F · 1. Then DHO induce a
linear operator of O¯(n, n) into W (n, n), which is denoted still by DHO. Note that
HO(n) = O¯(n, n) is a finite-dimensional simple Lie superalgebra with respect to
bracket:
[f, g] = DHO(f)(g), for all f, g ∈ HO(n).
HO(n), or simply HO, is called the odd Hamiltonian Lie superalgebra [15]. It is
easy to see that HO(n) has a Z-gradation structure induced by zd(xi) = −1, since
zd(DHO) = −2.
We assemble some conclusions in [15, Proposition 1 and Theorem 5] to be the
following lemma.
Lemma 1.1. The following statements hold:
(1) dimHO(n) = 2npn − 1.
(2) HO(n) is transitive.
(3) HO(n) = 〈L−1 + L0 + L1〉.
(4) THO = spanF{xixi′ | i ∈ 1, n} is a torus of HO(n).
1.2. Special odd Hamiltonian Lie superalgebras. We introduce the special
odd Hamiltonian Lie superalgebras. Suppose n ≥ 3 and let div : W (n, n) −→
O(n, n) be the linear operator, called the divergence, such that
div(fr∂r) = (−1)
|∂r||fr |∂r(fr).
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Note that div is an even superderivation ofW (n, n) into moduleO(n, n). The kernel
of div is a Z-graded subalgebra of W (n, n), whose derived algebra is a simple Lie
superalgebra, which is called the special superalgebra. Recall that the odd Laplacian
operator ∆ =
∑n
i=1 ∂i∂i′ . Then
SHO′(n) = {a ∈ O¯(n, n) | div DHO(a) = 0} = {a ∈ O¯(n, n) | ∆(a) = 0}
is a sub Lie superalgebra of HO(n), whose derived algebra is denoted by SHO(n).
The two-step derived algebra of SHO′(n), denoted by SHO(n), or simply SHO, is
called the special odd Hamiltonian Lie superalgebra [12]. SHO has a Z-gradation
structure induced by zd(xi) = −1. We assemble some conclusions in [12, Theorems
4.1 and 4.7] to be the following lemma.
Lemma 1.2. Let L = SHO(n), then the following statements hold:
(1) The following formulas hold:
dimL′ =
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,...,il)∈J(l)
l∏
k=1
πik
)
+ (p+ 1)n − 1;
dim L¯ =
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,...,il)∈J(l)
l∏
k=1
πik
)
+ (p+ 1)n − 2n − 1;
dimL =
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,...,il)∈J(l)
l∏
k=1
πik
)
+ (p+ 1)n − 2n − 2,
where J(l) = {(i1, . . . , il) | 1 ≤ i1 < · · · < il ≤ n} and πi = p− 1, i ∈ 1, n.
(2) L is transitive.
(3) L = 〈L−1 + L0 + L1〉.
(4) TSHO = spanF{xixi′ − xi+1x(i+1)′ | i ∈ 1, n− 1} is a torus of L.
1.3. Odd Contact Lie superalgebras. We introduce the odd Contact Lie su-
peralgebras. Suppose n ≥ 3, and define a linear operator DKO : O(n, n + 1) −→
W (n, n+ 1) such that
DKO(f) = DHO(f) + (−1)
|f |∂2n+1(f)D+ (D(f)− 2f)∂2n+1,
where D =
∑2n
i=1 xi∂i and DHO(f) =
∑2n
i=1(−1)
τ(i)|f |∂i(f)∂i′ , f ∈ O(n, n + 1).
Note that for f ∈ O(n, n + 1) we write |f | for the Z2-parity of f in O(n, n + 1).
Obviously, DKO is odd. One sees that KO(n) = O(n, n + 1), or simply KO, is a
finite-dimensional simple Lie superalgebra, with the bracket:
[f, g] = DKO(f)(g)− (−1)
|f |2∂2n+1(f)(g), for all f, g ∈ KO(n),
called the odd Contact Lie superalgebra [8]. KO(n) has a Z-gradation induced by
zd(1) = −2, zd(xi) = −1 + δi,2n+1. As for HO(n), we write down the following
lemma assembled from [8, Theorem 3.1 and Corrollary 3.1].
Lemma 1.3. The following statements hold:
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(1) dimKO(n) = 2n+1pn.
(2) KO(n) is transitive.
(3) KO(n) = 〈L−1 + L0 + L1〉.
(4) TKO = spanF{xixi′ , x2n+1 | i ∈ 1, n} is a torus of KO(n).
1.4. Special odd Contact Lie superalgebras. We introduce the special odd
Contact Lie superalgebras. Suppose n ≥ 3, and for any λ ∈ F, let
divλ(u) = (−1)
|u|2 (∆ (u) + (D− nλidO) ∂2n+1 (u)) , u ∈ O(n, n+ 1).
The kernel of divλ is a sub Lie superalgebra of KO(n), denoted by SKO
′′(n, λ),
whose two-step derived algebra is simple, called the special odd Contact Lie super-
algebra [13], denoted by SKO(n, λ) or simply, SKO. Note that SKO(n, λ) has
a Z-grading structure induced by zd(1) = −2 and zd(xi) = −1 + δi,2n+1. Put
πi = p − 1, for i ∈ 1, n. We assemble some conclusions in [13, Theorems 3.1 and
3.2] to be the following lemma:
Lemma 1.4. Let L = SKO(n, λ). Then the following statements hold:
(1)
dimL = 2
 n∑
l=2
((
2n−1 − 2l−1
) ∑
(i1,i2...,il)∈J(l)
l∏
c=1
πic
)
+
n∏
j=1
(πj + 2)

−
∑
ki∈G2(λ,n)
(
n
ki
)
− 2n − δ′nλ,−1
where
J(l) = {(i1, . . . , il) | 1 ≤ i1 < · · · < il ≤ n)},J(0) = ∅,
G2(λ, n) = {k ∈ 0, n | nλ− n+ 2k + 2 = 0 ∈ F}
and
δ′nλ,−1 =
{
1, nλ+ 1 = 0 in F,
0, nλ+ 1 6= 0 in F.
(2) L is transitive.
(3) L = 〈L−1 + L0 + L1〉.
(4) TSKO = spanF{xixi′ − xi+1x(i+1)′ , x2n+1 + nλx1x1′ | i ∈ 1, n− 1} is a torus
of L.
The finite-dimensional Z-graded Lie superalgebrasHO(n), SHO(n), KO(n) and
SKO(n, λ) are called the Lie superalgebras of odd Cartan type. In this paper, we
suppose n > 3 for simplicity, although sometimes a weaker hypothesis is sufficient.
We call TL the standard torus of L, where L is a Lie superalgebra of odd Cartan
type.
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2. Automorphisms and weight spaces
2.1. Automorphisms. Let L be a Lie superalgebra of odd Cartan type. We
define a bilinear form (−,−) : L−1 × L−1 −→ F by
(xi + F, xj + F) 7−→ DHO(xi)(xj)
for L = HO or SHO, and by
(xi, xj) 7−→ [xi, xj ]
for L = KO or SKO. It is easy to see that (−,−) is an odd skew supersymmetric,
nondegenerate bilinear form. That is, (L−1, (−,−)) is a symplectic superspace
(see Definition A.1 in Appendix). Suppose V is a symplectic superspace. We write
R(V ) for the rank of the symplectic superspace V , since the dimensions of maximal
isotropic subspaces of a symplectic superspace are unique, from now on, we write
misdimV for the dimension of the maximal isotropic subspace of V .
Lemma 2.1. Let L be a Lie superalgebra of odd Cartan type. Suppose V is
a nontrivial subspace of L−1. Then there exists a Z-homogenous automorphism
Φ ∈ Aut(L) such that{
Φ(xi) | i ∈ 1, k ∪ 1′, k′ ∪ k + 1, k + t ∪ (k + t+ 1)′, s′
}
is a homogenous basis of V , where k = R(V )/2, t = dimV0¯ − k and s = misdimV .
Proof. Firstly, suppose L = HO(n). According to results in linear algebra (see
Lemma A.3), there exists a homogenous basis of V
{y1, . . . , yk, yk+1, . . . , yk+t | y1′ , . . . , yk′ , y(k+t+1)′ , . . . , ys′}
such that, for i ∈ 1, k + t, j ∈ 1′, k′ ∪ (k + t+ 1)′, s′,
(yi, yj) =
{
1, i ∈ 1, k, j = i′,
0, otherwise.
Set
V1 = spanF{y1, . . . , yk | y1′ , . . . , yk′}.
Then L−1 = V1 ⊕ V ⊥1 . Set
V2 = spanF{yk+1, . . . , yk+t | y(k+t+1)′ , . . . , ys′}.
We have V2 ⊂ V ⊥1 and V = V1 ⊕ V2. Any homogeneous basis of V2 can be
extended to a homogeneous symplectic basis of V ⊥1 (see Lemma A.9). Thus, the
homogeneous basis of V can be extended to a homogeneous symplectic basis of
HO−1: {y1, . . . , yn | y1′ , . . . , yn′}, where |yi| = |xi|. So there must be an 2n × 2n
even matrix A = (aij)2n×2n such that
(x1, . . . , xn, x1′ , . . . , xn′) = (y1, . . . , yn, y1′ , . . . , yn′)A.
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Since A is symplectic, for k ∈ 1, n, l ∈ 1′, n′, we have (see Lemma A.7)
n∑
i=1
aikai′l =
{
1, l = k′,
0, otherwise.
Consider the mapping Φ : O −→ O such that xi 7−→ yi, for i ∈ 1, 2n. Since |xi| =
|yi|, Φ can be extended to a Z-homogeneous automorphism of O (see [14, Lemma
2.5]). Furthermore, this automorphism can induce a Z-homogeneous automorphism
(as vector space) of HO, which is still denoted as Φ. Assert that ΦDHO(f)Φ
−1 =
DHO(Φ(f)), for all f ∈ O. In fact, put
(E1, . . . , En, E1′ , . . . , En′) = (∂1, . . . , ∂n, ∂1′ , . . . , ∂n′)A
T .
For all f ∈ L, we have
Φ
(
DHO(f)
)
Φ−1 = Φ
(
2n∑
i=1
(−1)τ(i
′)|f |∂i′(f)∂i
)
Φ−1
=
2n∑
i,j=1
(−1)τ(i
′)|f |aijΦ
(
∂i′(f)
)
∂j
=
2n∑
i=1
(−1)τ(i
′)|f |Φ
(
∂i′(f)
)( 2n∑
j=1
aij∂j
)
=
2n∑
i=1
(−1)τ(i
′)|f |Ei′
(
Φ(f)
)
Ei
=
2n∑
i=1
(−1)τ(i
′)|f |
(( 2n∑
k=1
ai′k∂k
(
Φ(f)
))( 2n∑
l=1
ail∂l
))
=
2n∑
i=1
(−1)τ(i
′)|f |
(
2n∑
k=1
2n∑
l=1
ai′kail
(
∂k
(
Φ(f)
)
∂l
))
=
2n∑
k=1
2n∑
l=1
(( 2n∑
i=1
(−1)τ(i
′)|f |ai′kail
)
∂k
(
Φ(f)
)
∂l
)
=
2n∑
k=1
(−1)τ(k)|f |∂k
(
Φ(f)
)
∂k′
= DHO
(
Φ(f)
)
.
So Φ([f, g]) = [Φ(f),Φ(g)], for all f, g ∈ L. Thus Φ is a desired automorphism.
Then we consider L = SHO. A direct calculation shows that
divDHO(Φ(f)) = ΦdivDHO(f)Φ
−1, for all f ∈ HO.
So, Φ(SHO′) ⊂ SHO′. Thus Φ|SHO is a desired automorphism of SHO.
Next we suppose L = KO. Let
{y1, . . . , yk, yk+1, . . . , yk+t | y1′ , . . . , yk′ , y(k+t+1)′ , . . . , ys′}
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be a homogeneous symplectic basis of V , which can be extended to a homogeneous
symplectic basis of L−1, denoted by {y1, . . . , yn | y1′ , . . . , yn′}. So there exists a
2n× 2n even matrix A = (aij)2n×2n such that
(y1, . . . , yn, y1′ , . . . , yn′) = (x1, . . . , xn, x1′ , . . . , xn′)A
−1.
For all i ∈ 1, 2n, consider the mapping Φ : xi 7−→ yi, and x2n+1 7−→ x2n+1. Since
|xi| = |yi|, Φ can be extended to a Z-homogeneous automorphism of O, which is
still denoted as Φ. It is known from calculation that for all f ∈ L, the following
equations hold:
Φ(DHO(f))Φ
−1 = DHO(Φ(f)),
Φ(∂2n+1(f)D)Φ
−1 = ∂2n+1(Φ(f))D,
Φ((D(f) − 2f)∂2n+1)Φ
−1 = (D(Φ(f)) − 2Φ(f))∂2n+1.
Consequently, Φ is a desired automorphism of L. It is easy to show that Φ|SKO is
a desired automorphism of SKO.
2.2. Weight space decompositions. We discuss weight space decompositions
of L = HO(n). Suppose T is the standard torus of L. We choose a basis {ǫi | i ∈
1, n} of T ∗, where ǫi(xjxj′ ) = δj′i − δji for i, j ∈ 1, n. Put
Ψ = Zǫ1 ⊕ Zǫ2 ⊕ · · · ⊕ Zǫn.
For simplicity, let ǫi′ = −ǫi, for i ∈ 1, n. The following lemma can be verified by a
direct calculation:
Lemma 2.2. Let L = Lθ ⊕
⊕
γ∈Ψ L
γ and Li = L
θ
i ⊕
⊕
γ∈Ψi
Lγi be the weight
space decompositions with respect to the torus T , where Ψi ⊂ Ψ ⊂ T ∗ and θ is the
weight zero. Then we have
(1) dimLǫi−1 = 1, for i ∈ 1, 2n.
(2) dimL
ǫi+ǫj
0 = 1, for i, j ∈ 1, 2n and i 6= j
′.
(3) dimL
ǫi+ǫj+ǫk
1 =
{
1, for i, j, k ∈ 1, 2n, i /∈ {j′, k′} and j 6= k′,
n, otherwise.
The following lemma will be used frequently which comes from the results in
linear algebra (see also [1]).
Lemma 2.3. The following statements hold:
(1) Let V be a vector space and {f1, . . . , fn} be a finite set of linear functions on
V . Then
{x ∈ V |
∏
1≤i6=j≤n
(fi − fj)x 6= 0} 6= ∅.
(2) Let L be Lie superalgebra. For a ∈ L, suppose x =
∑n
i=1 xi is a sum of
eigenvectors of ada associated with mutually distinct eigenvalues. Then all
xi’s lie in the sub Lie superalgebra generated by a and x.
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3. MGS of Type (I)
Suppose L is a Lie superalgebra of odd Cartan type. This section is concerned with
MGS, M , of type (I) for L, that is, M−1 = L−1 and M0 = L0. Embed KO(n) into
KO(n + 1) in a natural fashion. Without notice, we view KO(n) as a subalgebra
of KO(n+ 1). Put ξ = np. We have the following theorem:
Theorem 1. Suppose L is a Lie superalgebra of odd Cartan type. Then
(1) For L = HO(n), L has exactly one MGS of type (I) :
L−1 + L0 + SHO
′
1 + SHO
′
2 + · · ·+ SHO
′
ξ−2.
(2) For L = SHO(n), L has exactly one MGS of type (I):
L−1 + L0.
(3) For L = KO(n), all the MGS of type (I) are listed below:
L−2 + L−1 + L0 + L1,0 + L2,0 + · · ·+ Lξ−2,0
and
L−2 + L−1 + L0 + L
λ
1 + · · ·+ L
λ
ξ−2,
where Li,0 = Li ∩ O(n, n) and
Lλi =
{
SKO′′
(
n, (λ+ 1)/n
)
i
, if n 6≡ 0(mod p)
SKO′′
(
n+ 1, (λ+ 1)/(n+ 1)
)
i
∩KO(n), if n ≡ 0(mod p)
for λ ∈ F and i > 0.
(4) For L = SKO(n, λ),
(i) if 1 + nλ 6= 0 in F, L has exactly one MGS of type (I):
L−2 + L−1 + L0 + L1,0 + · · ·+ Lξ−2,0,
where
L1,0 = L1 ∩ O(n, n).
(ii) if 1 + nλ = 0 in F, L has exactly two MGS of type (I):
L−2 + L−1 + L0 + L1,0 + · · ·+ Lξ−3,0,
and
L−2 + L−1 + L0 + L1,1,
where
L1,0 = L1 ∩O(n, n), L1,1 = {fx2n+1 ∈ L1 | f ∈ O(n, n)}.
We will prove this theorem in the following subsections.
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3.1. HO(n). We will determine the MGS of type (I) for HO(n). Obviously SHO′i
is an HO0-submodule, for i ≥ −1. Write U(HO0) for the universal enveloping
algebra of HO0. By a direct computation, we have the following lemma:
Lemma 3.1. The following statements hold:
(1) SHO′1 is an irreducible HO0-module.
(2) HO1 = U(HO0)x
(2εi0 )xi′
0
, for i0 ∈ 1, n.
(3) HO1 = U(HO0)D, for D ∈ HO1 \ SHO′1.
Remark 3.2. For n = 3, SHO′1 is a reducible HO0-module.
Proof of Theorem 1(1). Let M = HO−1+HO0+SHO
′
1+SHO
′
2+ · · ·+SHO
′
ξ−2.
Obviously,M is a proper subalgebra of HO. SupposeM is an arbitrary subalgebra
of HO with M−1 = HO−1 and M0 = HO0. If M * M , then there exists D ∈
M \M . Obviously, ∆(D) 6= 0. Moreover, there must be k ∈ 1, 2n such that
∆[xk, D] = −∂k′∆(D) 6= 0.
Thus there is D′ ∈ M1\SHO′1. We can see that M ⊃ U(L0)D
′ = L1 by Lemma
3.1. Thus we have M = HO, by Lemma 1.1. Therefore, M is the unique MGS of
type (I).
3.2. SHO(n). We will determine the MGS of type (I) for SHO(n). Let m ≥ n.
For i ∈ 1, n, define the linear operator ∇i on O(n,m) such that
∇i(x
(α)xu) = x(α+εi)xi′x
u,
where (α, u) ∈ A(n)×B(m). We also use the symbols ∆i = ∂i∂i′ and Γ
j
i = ∇j∆i,
for i, j ∈ 1, n. Fix (α, u) ∈ A(n)×B(m) and put
I(α, u) = {i ∈ 1, n | ∆i(x
(α)xu) 6= 0},
I˜(α, u) = {i ∈ 1, n | ∇i(x
(α)xu) 6= 0},
D∗ = {x(α)xu ∈ O(n,m) | I(α, u) 6= ∅, I˜(α, u) 6= ∅}.
Now suppose m = n and put
G = G˜ ∪ {x(α)xu ∈ SHO | I(α, u) = ∅},
where
G˜ = {x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu) ∈ SHO | x(α)xu ∈ D∗, q ∈ I˜(α, u)}.
The following lemma follows from [12, Theorem 2.7, Propositions 3.1 and 3.4].
Lemma 3.3. The following statements hold:
(1) SHO′ is spanned by G.
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(2) SHO′ = SHO ⊕ spanF{x
(α)xu ∈ SHO | I(α, u) = I˜(α, u) = ∅}, where
SHO = spanF
{
G˜ ∪ {x(α)xu ∈ SHO | I(α, u) = ∅, I˜(α, u) 6= ∅}
}
.
Moreover, SHO = ⊕ξ−4i=−1SHOi.
(3) SHO = ⊕ξ−5i=−1SHOi. Moreover, SHOi = SHOi.
As for Lemma 3.1(1), we have the following lemma by Lemma 3.3:
Lemma 3.4. SHO1 is an irreducible SHO0-module.
Proof of Theorem 1(2). It is immediate by Lemmas 1.2 and 3.4.
3.3. KO(n). Let L = KO(n). Regard KO(n) as a subalgebra of KO(n+ 1). To
determine all the MGS of type (I) for L, for i ∈ N0, λ ∈ F, set
Li,0 =
{
f ∈ Li | f ∈ Ann(L−2)
}
= Li ∩ O(n, n);
L′i,0 =
{
f ∈ Li,0 | ∆(f) = 0
}
;
Li,1 =
{
fx2n+1 ∈ Li | f ∈ Ann(L−2)
}
;
Lλi ={f ∈ Li | divλ(f) = 0},
where divλ = ∆+ (D− (λ+ 1)idO)∂2n+1. Note that
Lλi =
{
SKO′′(n, (λ + 1)/n)i, if n 6≡ 0(mod p),
SKO′′(n+ 1, (λ+ 1)/(n+ 1))i ∩KO(n), if n ≡ 0(mod p).
Hereafter for convenience, we put z = x2n+1. As for Lemma 3.1, we have:
Lemma 3.5. The following statements hold:
(1) L′1,0 = U(L0)D, for 0 6= D ∈ L
′
1,0.
(2) L1,0 = U(L0)D, for D ∈ L1,0 and ∆(D) 6= 0.
(3) L1,1 = U(L0)xi0z, for i0 ∈ 1, 2n.
(4) L01 = U(L0)(xi0z) + U(L0)(x
(3εj0 )), for i0 ∈ 1, 2n and j0 ∈ 1, n.
If λ ∈ F \ {0}, then
Lλ1 = U(L0)(xi0z + λxi0xj0xj0 ′),
for i0 ∈ 1, 2n, j0 ∈ 1, n\{i0}.
Lemma 3.6. The following statements hold:
(1) L′1,0 and L1,1 are irreducible L0-submodules of L1.
(2) L1,0 is a maximal L0-submodule of L1.
(3) Lλ1 is a maximal L0-submodule of L1, for any λ ∈ F.
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Proof. (1) and (2) can be readily seen by Lemmas 2.2 and 3.5. We only need to
show (3). Obviously Lλ1 is a proper L0-submodule. SupposeM is an L0-submodule
of L1 containing L
λ
1 properly. Then there exists D ∈M\L
λ
1 . Put
A =
{
xix2x2′ ∈ L1 | i ∈ 1, 2n \{2, 2
′}
}
∪ {x2x1x1′ , x2′x1x1′} .
Since divλ is a surjective map from spanF{A} onto L−1, there is E ∈ spanF{A}
such that
divλ(E) = divλ(D).
As a result, E −D ∈ Lλ1 ⊂ M. Thus 0 6= E ∈ M . Moreover, by Lemmas 2.2 and
2.3, we may assume that E = x1x2x2′ . By Lemma 3.5, we can see that L1,0 ⊂M .
Moreover we haveM = L. Consequently, Lλ1 is a maximal L0-submodule of L1.
Proof of Theorem 1(3). Suppose
M = L−2 + L−1 + L0 + L1,0 + L2,0 + · · ·+ Lξ−2,0
and
Mλ = L−2 + L−1 + L0 + L
λ
1 + · · ·+ L
λ
ξ−2,
for λ ∈ F. Let M be an MGS of type (I) for L. Obviously, M1 6= 0, since L is
transitive. Observe that if there exists λ ∈ F such that M1 ⊂ Lλ1 , then M ⊂ M
λ.
Indeed, if M * Mλ, then there exists D ∈ M such that divλ(D) 6= 0. Further,
there exists D′ ∈ M1 such that divλ(D′) 6= 0, which contradicts to M1 ⊂ Lλ1 . So
M ⊂Mλ. From now on, for any λ ∈ F, suppose M1 * Lλ1 . Then for λ0 ∈ F, there
exists D ∈ M1 such that divλ0(D) 6= 0. Assert that D ∈ L1,0. Assume conversely
that D /∈ L1,0. Then, by Lemmas 2.2 and 2.3, their exists
D′ = xiz + a1xix1x1′ + · · ·+ aix
(2εi)xi′ + · · ·+ anxixnxn′ ∈M1,
where aj ∈ F, i, j ∈ 1, n. If a1 + · · · + an 6= 0, then D′ ∈ L
a1+···+an
1 . By Lemma
3.5(4), we have La1+···+an1 ⊂ M1. Thus by Lemma 3.6, we have M1 = L
a1+···+an
1 ,
which is contradict to our assumption thatM1 * Lλ1 , for any λ ∈ F. If a1+· · ·+an =
0, then L1,1 ⊂ M . We can see that L1,1 ( M1, by our assumption. So there
exists 0 6= D′′ ∈ M1 ∩ L′1,0, by Lemma 3.5(2) and the maximality of M . Thus
L01 = M1, which is contradict to our assumption that M1 * L
λ
1 , for any λ ∈ F. So
D ∈ L1,0. By Lemma 3.5, L1,0 ⊂ M1, since divλ0(D) 6= 0. Now we will show that
M ⊂ M . Assume there exists D˜ ∈ M\ M . Clearly, D˜ can be written in the form
D˜ = u1 + u2z, where u1, u2 ∈ Ann(L−2) with u2 6= 0. Further, there exists
D˜′ = u′1 + u
′
2z ∈M1 \M1,
where u′1, u
′
2 ∈ Ann(L−2) with u
′
2 6= 0. Since L1,0 ⊂ M
⋂
M , we have 0 6= u′2z ∈
M \ L1,0. Hence M1 = L1. As a result, M = L, which is contradict to the
maximality of M . So M =M . Furthermore we have
{M,Mλ | λ ∈ F}
are all the MGS of type (I) for L.
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3.4. SKO(n, λ). Let L = SKO(n, λ). Firstly, we introduce the following symbols
for q ∈ I˜(α, u):
A(α, u, q) = x(α)xu −
∑
i∈I(α,u)
Γqi (x
(α)xu)
B(α, u, λ, q) = (−1)|u|(nλ− zd(x(α)xu))∇q(x
(α)xu),
E(α, u) = x(α)xu,
E(α, u, 2n+ 1) = x(α)xux2n+1,
E(α, u, 2n+ 1, q) = x(α)xux2n+1 +B(α, u, λ, q),
G(α, u, 2n+ 1, q) = A(α, u, q)x2n+1 +B(α, u, λ, q),
and
S1 = {E(α, u) | I(α, u) = ∅, (α, u) 6= (0, 0)},
S2 = {A(α, u, q) | x
(α)xu ∈ D∗, q ∈ I˜(α, u)},
S3 = {E(α, u, 2n+ 1, q(α, u)) | I(α, u) = ∅, I˜(α, u) 6= ∅},
S4 = {G(α, u, 2n+ 1, q) | x
(α)xu ∈ D∗, q ∈ I˜(α, u)},
S5 = {E(α, u, 2n+ 1) | I(α, u) = ∅, I˜(α, u) 6= ∅, nλ = zd(x
αxu) in F},
where I(α, u), I˜(α, u) andD∗ are defined as in Section 3.2, and q(α, u) = min I˜(α, u).
Put G = G(π−ε1, 〈2′, . . . , n′〉, 2n+1, 1), where π = (π1, . . . , πn), in which πi = p−1
for i ∈ 1, n. Given r ∈ 1, n, let
J(r) = {(i1, . . . , ir) | 1 ≤ i1 < · · · < ir ≤ n)},J(0) = ∅.
For (i1, . . . , ir) ∈ J(r), r ∈ 0, n, let
X(i1, . . . , ir) = x
(πi1εi1+···+πirεir )x〈1
′,...,n′〉−〈i
1′
,...,ir′ 〉.
Given λ ∈ F and l ∈ Z, put
Gl(λ, n) = {k ∈ 0, n | nλ− n+ 2k + l = 0 ∈ F}.
Put
δ′nλ,−1 =
{
1, nλ+ 1 = 0 in F,
0, nλ+ 1 6= 0 in F.
The following lemma follows from [13, Theorems 2.6 and 2.7].
Lemma 3.7. The following statements hold:
(1) SKO′′ is spanned by {1} and ∪5i=1Si.
(2) If nλ+ 1 6= 0 in F or G2(λ, n) = ∅,
SKO′′ = SKO′ ⊕ spanFS5 ⊕
∑
r∈G2(λ,n)
∑
(i1,...,ir)∈J(r)
FX(i1, . . . , ir).
If nλ+ 1 = 0 in F or G2(λ, n) 6= ∅,
SKO′′ = SKO′ ⊕ spanFS5 ⊕
∑
r∈G2(λ,n)
∑
(i1,...,ir)∈J(r)
FX(i1, . . . , ir)⊕ FG.
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(3) SKO′ = SKO ⊕ Fδ′nλ,−1G.
Recall that SKO1,0 and SKO1,1 are defined as in Theorem 2. By Lemma 3.7
and a direct calculation, we have the following lemma:
Lemma 3.8. Suppose L = SKO(n, λ).
(1) L1,0 is the unique proper L0-submodule of L1, if 1 + nλ 6= 0 in F.
(2) L1 has exactly two proper L0-submodules L1,0 and L1,1, if 1 + nλ = 0 in F.
Proof of Theorem 1(4). It is immediate by Lemma 3.8.
4. MGS of type (II)
Let L be a Lie superalgebra of odd Cartan type. In this section, we determine the
MGS, M , of type (II) for L, that is, M−1 is a nontrivial subspace of L−1. Suppose
V is a nontrivial subspace of L−1. We introduce the following notions
ML−1(V ) = V,
ML−2(V ) = [M
L
−1(V ),M
L
−1(V )],
MLi (V ) = {u ∈ Li | [u, V ] ⊂M
L
i−1(V )}, for i ≥ 0,
ML(V ) = ⊕i≥−2M
L
i (V ).
Without confusion, we usually omit the superscript L of MLi (V ) and M
L(V ). It
is easy to verify the following lemma:
Lemma 4.1. Let V be a nontrivial subspace of L−1. Then
(1) M0(V ) is a subalgebra of L0.
(2) Mi(V ) is an M0(V )-module, for any i ≥ −2.
(3) [Mi(V ),Mj(V )] ⊂Mi+j(V ), for any i, j ≥ −2.
(4) M(V ) is a subalgebra of L.
Suppose L = KO(n) or SKO(n, λ), and V is an isotropic subspace of L−1. Set
M−2(L−2, V ) = L−2, M−1(L−2, V ) = V,
Mi(L−2, V ) = {u ∈ Li | [u, V ] ⊂Mi−1(L−2, V ), [u, L−2] ⊂Mi−2(L−2, V )}.
The following lemma can be verified directly:
Lemma 4.2. Let V be an isotropic subspace of L−1. Then
(1) M0(L−2, V ) is a subalgebra of L.
(2) Mi(L−2, V ) is an M0(L−2, V )-module, for i > −2.
(3) [Mi(L−2, V ),Mj(L−2, V )] ⊂Mi+j(L−2, V ), for i, j > −2.
(4) M(L−2, V ) = ⊕i≥−2Mi(L−2, V ) is a subalgebra of L.
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Recall that misdimV is the dimension of maximal isotropic subspaces of a sym-
plectic superspace V . For L = HO(n), SHO(n), KO(n) or SKO(n, λ), we put
VL = {V | V is a nontrivial subspace of L−1 with misdimV 6= n− 1};
VLi = {V ∈ V
L | V is an isotropic subspace of L−1};
VLn = {V ∈ V
L | V is a nondegenerate subspace of L−1}.
For subspaces V and V˜ of L−1, V
sspace
∼= V˜ means that V is sym-isotropic to V˜
(Definition A.5). For integers k, l > 0 and k ≤ l,
J(k, l) = {(i1, . . . , ik) | 1 ≤ i1 < · · · < ik ≤ l}.
We have the following theorem:
Theorem 2. All the MGS of type (II) for Lie superalgebras of odd Cartan type
are characterized as follows:
(1) For L = HO(n) or SHO(n), we have:
(a) All the MGS of type (II) for L are precisely
{M(V ) | V ∈ VL}.
(b) For any V and V˜ in VL,
M(V )
alg
∼= M(V˜ )⇐⇒ V
sspace
∼= V˜ .
(c) L has exactly (n3+3n2+8n− 6)/6 pairwise non-isomorphic type (II) MGS.
(d) For V ∈ VL, we have the following dimension formulas:
dimMHO(V ) =2npn + 2kpk − 2s−tpk+t(2n− 2s+ 1)− 1;
dimMSHO(V ) =
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,...,il)∈J(l,n)
l∏
c=1
πic
)
+ (p+ 1)n − 2n − 2
−
((
(p+ 2)k +
k∑
m=2
(
(2k−1 − 2k−m)
∑
(j1,...,jm)∈J(m,k)
m∏
c=1
πjc
))
·
(
pt2s−k−t(2n− 2s− 1)− s+ k
))
− δk,n−1δs−t,n2
n−1.
where k = R(V )/2, s = misdimV and t = dimV0¯ − k.
(2) For L = KO(n) or SKO(n, λ), we have:
(a) All the MGS of type (II) for L are precisely
{M(V ) | V ∈ VL} ∪ {M(L−2, V ) | V ∈ V
L
i }.
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(b) For any V and V˜ in VL,
M(V )
alg
∼= M(V˜ )⇐⇒ V
sspace
∼= V˜ .
For any V and V˜ in VL
i
,
M(L−2, V )
alg
∼= M(L−2, V˜ )⇐⇒ V
sspace
∼= V˜ .
For V ∈ VL and V˜ ∈ VL
i
,
M(V ) ≇M(L−2, V˜ ).
(c) L has exactly (n3+3n+20n−12)/6 pairwise non-isomorphic type (II) MGS.
(d) For V ∈ VL,
(i) if V is nonisotropic, then
dimMKO(V ) =2n+1pn + 2k+1pk − 2s−t+1pk+t(2n− 2s+ 1);
where k = R(V )/2, s = misdimV and t = dimV0¯ − k.
(ii) if V is isotropic, then
dimMKO(V ) =2n+1pn − 2s−tpt(2n− 2s+ 1);
dimM(KO−2, V ) =2
n+1pn − pt2s−t+1(2n− 2s+ 1) + 2,
where s = dimV and t = dimV0¯.
We will prove Theorem 2 (1) and (2) in the following subsections, respectively.
4.1. HO(n) and SHO(n). Suppose L = HO(n) or SHO(n). We will determine
all the MGS of type (II) for L. Recall that L−1 = spanF{xi ∈ L | i ∈ 1, 2n}. We
call a subspace V of L−1 is standard if V is spanned by certain standard basis
elements
{xi ∈ L−1 | i ∈ 1, k ∪ 1′, k′ ∪ k + 1, k + t ∪ (k + t+ 1)′, s′},
where 1 ≤ k ≤ s ≤ n and 0 ≤ t ≤ s − k. Let V be a standard subspace of L−1
with k, s and t as above mentioned. Obviously, k = R(V )/2, s = misdimV and
t = dimV0¯ − k. We set subspaces V1, V2, V 2 and V3 associated with V as follows:
V1 = spanF {xi ∈ L−1 | i ∈ Iv1} ,
V2 = spanF {xi ∈ L−1 | i ∈ Iv2} ,
V 2 = spanF {xi ∈ L−1 | i ∈ Iv2} ,
V3 = spanF {xi ∈ L−1 | i ∈ Iv3} ,
(4.1)
where
Iv1 = 1, k ∪ 1
′, k′,
Iv2 = k + 1, k + t ∪ (k + t+ 1)
′, s′,
Iv2 = (k + 1)
′, (k + t)′ ∪ k + t+ 1, s,
Iv3 = s+ 1, n ∪ (s+ 1)
′, n′
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in which span
F
{xi | i ∈ ∅} = 0. For l > 0, suppose V1, V2, . . . , Vl are standard
subspaces of L−1. Set
l∏
i=1
Vi = spanF{xj1xj2 · · ·xjl ∈ Ll−2 | xji ∈ Vi, i ∈ 1, l}.
If V1 = V2 = . . . = Vl = V , then we write
∏l
i=1 Vi = V
l, V 0 = F and V −l = 0 for
l > 0. Write V 0V l = V l for l ∈ Z.
Suppose V is a standard subspace ofHO−1. Let V1, V2, V 2 and V3 be subspaces of
HO−1 associated with V which are defined as in (4.1). Then we have the following
lemma by induction:
Lemma 4.3. Suppose L = HO(n). Then we have:
(1) M0(V ) = V
2
1 ⊕ V2L−1 ⊕ V
2
3 .
(2) Mi(V ) = V
i+2
1 ⊕
(⊕
j>0,j+k=i+2 V
j
2 L
k
−1
)
⊕
(⊕
l>1,l+m=i+2 V
l
3V
m
2
)
, for i > 0.
(3) M(V ) =
(⊕
i>0 V
i
1
)
⊕
(⊕
j>0,k≥0 V
j
2 L
k
−1
)
⊕
(⊕
l>1,m≥0 V
l
3V
m
2
)
.
Next we still suppose L = HO(n) or SHO(n).
Lemma 4.4. Suppose V and V˜ are nontrivial subspaces of L−1. Then
M(V )
alg
∼= M(V˜ )⇐⇒ V
sspace
∼= V˜ .
Proof. Obviously,M(V )
alg
∼= M(V˜ ), if V
sspace
∼= V˜ by Lemma 2.1. Conversely, we may
suppose V and V˜ are standard by Lemma 2.1. If there is a Z-gradation algebraic
isomorphism Φ :M(V ) −→M(V˜ ), then Φ(V ) = V˜ and Φ(M0(V )) =M0(Φ(V )) =
M0(V˜ ). Suppose R(V ) = 2k, R(V˜ ) = 2k1, misdimV = s, misdim(V˜ ) = s1,
dimV0¯−k = t and dim V˜0¯−k1 = t1. Since (dim V0¯, dimV1¯) = (dim V˜0¯, dim V˜1¯) and
dimM0(V )− dimM0(V˜ ) = 0,
we have ks = k1s1, by Lemma 4.3. The equation k1+s1 = k+s forces k = k1, s =
s1 and t = t1. Thus V
sspace
∼= V˜ .
Recall VL and VLn defined before Theorem 2. We have the following lemma:
Lemma 4.5. Let V be a proper subspace of L−1. Then M(V ) is an MGS of L if
and only if V ∈ VL.
Proof. Let L = HO(n). First we consider the sufficiency. By Lemma 4.4, we
may assume that V is a standard subspace of L−1. Suppose V1, V2, V 2 and V3 are
subspaces of L−1 associated with V which are defined as in (4.1), and Iv1 , Iv2 , Iv2
and Iv3 are corresponding index sets. Obviously,M(V ) ( L. For any u ∈ L\M(V ),
set
M = 〈M(V ), u〉.
Notice that the standard torus T is contained in M(V ). We can assume that
u = xi ∈ L−1\V , by the definition of M(V ) and Lemma 2.3. We need to show
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that M = L. If V ∈ VLn , then M0(V ) = V
2
1 ⊕ V
2
3 , by Lemma 4.3. For i
′ 6= j ∈ Iv3 ,
by Lemma 2.2 we have
Lǫj = [Lǫi, Lǫi′+ǫj ] ⊂M.
Moreover, since n−misdimV > 1, for i′ 6= t ∈ Iv3 , we have
Lǫi′ = [Lǫt, Lǫt′+ǫi′ ] ⊂M.
Thus L−1 ⊂ M. Since M ⊃ M(M−1) = M(L−1) = L, we have M = L. For the
remaining case that V ∈ VL\VLn , we still can show that M(V ) is an MGS of L in
the same way.
Next we consider the necessity. Suppose V ∈ VL. We may assume that V is a
standard subspace of L−1. Suppose V1, V2, V 2 and V3 are subspaces of L−1 associ-
ated with V which are defined as in (4.1), and Iv1 , Iv2 , Iv2 and Iv3 are corresponding
index sets. Obviously V3 = {xn | xn′} and Iv1∪Iv2 6= ∅. So there exists i ∈ Iv1 ∪Iv¯2
such that xixn 6∈ M(V ), by Lemma 4.3. We can see that M(V ) ( 〈M(V ), xixn〉
and xixn′ 6∈ 〈M(V ), xixn〉, Consequence, M(V ) is not an MGS of L.
We can prove the lemma similarly for L = SHO, since SHO0⊕x1x1′ = HO0.
Proof of Theorem 2(1). Suppose M is an MGS of type (II) for L. It is known from
induction that Mi ⊂ Mi(M−1), for any i ≥ −1. Thus M ⊂ M(M−1). We have
M =M(M−1) by the maximality of M . Furthermore, (a), (b) and (c) of Theorem
2(1) hold by Lemmas 4.4 and 4.5. It remains to show the dimension formulas. Let
L = HO(n). We may assume that V is a standard subspace of L−1. Suppose
V1, V2, V 2 and V3 are subspaces of L−1 associated with V which are defined as in
(4.1). Put
M(V ) =
( ⊕
i≥0,j>0
V i1V
j
2
)
⊕
( ⊕
q≥0,l≥0
V q1 V
l
2V3
)
.
Then
dimM(V ) = 2s−tpk+t(2n− 2s+ 1)− 2kpk.
Further, we have
dimMHO(V ) = dimHO − dimM(V )
= 2npn + 2kpk − 2s−tpk+t(2n− 2s+ 1)− 1.
Next we consider L = SHO. Write codimMSHO(V ) for the codimension of
MSHO(V ) in SHO. Since
MSHO(V ) =MHO(V ) ∩ SHO,
by Lemma 3.3, we have
codimMSHO(V ) = dim(M(V ) ∩ SHO)
=
((
(p+ 2)k +
k∑
m=2
(
(2k−1 − 2k−m) +
∑
(j1,...,jm)∈J(m,k)
m∏
c=1
πjc
))
·
(
pt2s−k−t(2n− 2s− 1)− s+ k
))
− δk,n−1δs−t,n2
n−1.
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Thus,
dimMSHO(V ) =dimSHO − codimMSHO(V )
=
n∑
l=2
(
(2n−1 − 2n−l)
∑
(i1,...,il)∈J(l,n)
l∏
c=1
πic
)
+ (p+ 1)n − 2n − 2
−
((
(p+ 2)k +
k∑
m=2
(
(2k−1 − 2k−m)
∑
(j1,...,jm)∈J(m,k)
m∏
c=1
πjc
))
·
(
pt2s−k−t(2n− 2s− 1)− s+ k
))
− δk,n−1δs−t,n2
n−1.
4.2. KO(n) and SKO(n, λ). Let L = KO(n) or SKO(n, λ). Put z = x2n+1.
Assume that HO(n) is embedded (as vector space) into KO(n) naturally. Let M
be an MGS of type (II) for L. We first consider whether M = M(M−1). The
following lemma is obvious.
Lemma 4.6. Suppose V is a nonisotropic subspace of KO−1. Then
MKOi (V ) =
{
MHO0 (V )⊕ Fz, i = 0,
MHOi (V )⊕M
HO
i−2 (V )z, i ≥ 1.
Proof. First, let us show “⊃”. This is obvious for i = 0. Suppose i > 0. We only
need to show that
MHOi−2 (V )z ⊂M
KO
i (V ),
since MHOi (V ) = M
KO
i (V ) ∩ HO. Take 0 6= f ∈ M
HO
i−2 (V ) and v ∈ V . Then we
get [f, v]z ∈MKOi−1 (V ) by induction. So [fz, v] ∈M
KO
i−1 (V ). Thus fz ∈M
KO
i (V ).
Next we show “⊂”. For any i ∈ N, take
0 6= u = u0 + u
′z ∈MKOi (V ),
where u0, u
′ ∈ Ann(KO−2). For i = 0, as z ∈ MKO0 (V ), we have u0 ∈ M
HO
0 (V ).
Suppose i > 0. If u′ = 0, then u ∈MHOi (V ). If u
′ 6= 0, we have
−(−1)|u
′|2u′ = [1, u] ∈MHOi−2 (V ),
since V is a nonisotropic subspace. As a result u′ ∈ MHOi−2 (V ). Moreover, we have
u0 ∈M
KO
i (V ), since u
′z ∈MKOi (V ). Consequently, “⊂” holds.
Lemma 4.7. Suppose V is a nonzero isotropic subspace of KO−1. Then
MKOi (V ) =
{
MHO0 (V )⊕ Fz, i = 0,
MHOi (V )⊕HOi−2z, i ≥ 1.
Proof. First let us show “⊃”. This is obvious for i = 0. Suppose i > 0. Note
that MHOi (V ) ⊂ M
KO
i (V ). Thus we have to show that HOi−2z ⊂ M
KO
i (V ). For
any 0 6= f ∈ HOi−2 and v ∈ V , we see that [f, v]z ∈ MKOi−1 (V ) by induction.
Moreover, we have fv ∈ MHOi−1 (V ), since V is an isotropic subspace of KO−1. So
[v, fz] ∈MKOi−1 (V ). Thus fz ∈M
KO
i (V ). Then the inclusion “⊂” is obvious.
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Lemma 4.8. Let V be a proper subspace of L−1. Then M(V ) is an MGS of type
(II) for L if and only if V ∈ VL.
Proof. It is immediate from the proof of Lemma 4.5.
The following lemma is a direct consequence of Lemma 4.8.
Lemma 4.9. Let M be an MGS of type (II) for L and [M−1,M−1] =M−2. Then
M =M(M−1).
Remark 4.10. If [M−1,M−1] 6=M−2, then M 6=M(M−1).
Next we determine MGS, M , of type (II) for L with [M−1,M−1] 6=M−2. Let V
be an isotropic subspace of L−1. Recall that
M−2(L−2, V ) = L−2, M−1(L−2, V ) = V,
Mi(L−2, V ) = {u ∈ Li | [u, V ] ⊂Mi−1(L−2, V ), [u, L−2] ⊂Mi−2(L−2, V )}.
Lemma 4.11. Let V be an isotropic subspace of KO−1. Then
Mi(KO−2, V ) =
{
MHO0 (V )⊕ Fz, i = 0,
MHOi (V )⊕M
HO
i−2 (V )z, i ≥ 1.
Lemma 4.12. M(L−2, V ) is an MGS of L if and only if V ∈ VLi .
Proof of Theorem 2(2). LetM be an MGS of type (II) for L = KO(n) or SKO(n, λ).
Suppose V = M−1. From Lemma 2.1, there is an automorphism Φ ∈ L such that
Φ(V˜ ) = V , where V˜ is a standard subspace of L−1. We have
Φ(M(V˜ )) =M(Φ(V˜ )) =M(V ).
If V = M−1 is nonisotropic, then Φ(M(V˜ )) = M by M ⊂ M(V ). If V = M−1 is
isotropic and M−2 = 0, then M(V ) = Φ(M(V˜ )) = M . If V = M−1 is isotropic
and M−2 6= 0, then M(L−2, V ) = Φ(M(L−2, V˜ )) = M . Furthermore, (a), (b)
and (c) of Theorem 2(2) is obvious by Lemmas 4.8 and 4.12. Next we calculate
the dimensions of MKO(V ) and M(KO−2, V ) separately. If V ∈ VKO and V is
nonisotropic, then by Lemma 4.6, we have
dimMKO(V ) = 2(dimMHO(V )+1) = 2n+1pn+2k+1pk−2s−t+1pk+t(2n−2s+1),
where k = R(V )/2, s = misdimV and t = dimV0¯ − k. If V ∈ V
KO
i
, by Lemmas
4.7 and 4.11, we have
dimMKO(V ) = dimMHO(V ) + pn2n = 2n+1pn − 2s−tpt(2n− 2s+ 1);
dimM(KO−2, V ) = 2(dimM
HO(V ) + 1) = 2n+1pn − 2s−t+1pt(2n− 2s+ 1) + 2
where s = misdimV and t = dimV0¯.
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5. MGS of Type (III)
Suppose L is a Lie superalgebra of odd Cartan type. We discuss the MGS, M , of
type (III) for L, that is, M−1 = L−1 while M0 6= L0. Let A0 be a subalgebra
of L0. If L−1 is an irreducible A0-module, then we say that A0 is irreducible;
otherwise we say that A0 is reducible.
Definition 5.1. A graded subalgebra A of L is called an R-subalgebra (resp. S-
subalgebra) if A0 is a reducible (resp. irreducible) subalgebra in L0.
Let A0 be a nontrivial subalgebra of L0. We define a subalgebra of L as follows:
M(L−1, A0) = ⊕i≥−2Mi(L−1, A0),
where
Mi(L−1, A0) =

Li, i < 0,
A0, i = 0,
{u ∈ Li | [u, L−1] ⊂Mi−1(L−1, A0)} , i > 0.
Recall that
VL = {V | V is a nontrivial subspace of L−1 with misdimV 6= n− 1};
VLi = {V ∈ V
L | V is an isotropic subspace of L−1};
VLn = {V ∈ V
L | V is a nondegenerate subspace of L−1}.
For integers k, l > 0 and k ≤ l,
J(k, l) = {(i1, . . . , ik) | 1 ≤ i1 < · · · < ik ≤ l}.
We have the following theorem:
Theorem 3. All the maximal R-subalgebras of type (III) for Lie superalgebras of
odd Cartan type are characterized as follows:
(1) For L = HO(n) or SHO(n), we have:
(a) All the maximal R-subalgebras of type (III) for L are precisely
{M(L−1,M0(V )) | V ∈ V
L
n ∪V
L
i }.
(b) For any V and V˜ in VL
i
,
M(L−1,M0(V ))
alg
∼= M(L−1,M0(V˜ ))⇐⇒ V
sspace
∼= V˜ .
For any V and V˜ in VLn ,
M(L−1,M0(V ))
alg
∼= M(L−1,M0(V˜ ))⇔ dimV+dim V˜ = 2n or dimV = dim V˜ .
For any V ∈ VLn and V˜ ∈ V
L
i
,
M(L−1,M0(V ))
alg
≇ M(L−1,M0(V˜ )).
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(c) L has exactly ⌊(n2+2n−2)/2⌋ pairwise non-isomorphic maximal R-subalgebras
of type (III).
(d) We have the following dimension formulas:
(i) if V ∈ VLn , then
dimM(HO−1,M0(V )) = (2p)
k + (2p)n−k − 2;
dimM(SHO−1,M0(V ))
=
k∑
l=2
((
2k−1 − 2k−l
) ∑
(i1,...,il)∈J(l,k)
l∏
c=1
πic
)
+ (p+ 1)k
+
n−k∑
m=2
(
(2n−k−1 − 2n−k−m)
∑
(j1,...,jm)∈J(m,n−k)
m∏
c=1
πjc
)
+ (p+ 1)n−k − 2.
(ii) if V ∈ VL
i
, then
dimM(HO−1,M0(V )) = p
n−s+t2n−t + pt2s−ts− 1;
dimM(SHO−1,M0(V ))
=pt2n−s
( n−s∑
l=2
((
2n−s−1 − 2n−s−l
) ∑
(i1,...,il)∈J(l,n−s)
l∏
c=1
πic
)
+ (p+ 1)n−s − 1
)
− 2n−s + (t− 1)2spt−2(p− 1)2 + (s− 1)pt2s−2 + pt−1(p− 1)2s−1,
where s = misdimV and t = dimV0¯ − k.
(2) For L = KO(n) or SKO(n, λ), we have:
(a) All the maximal R-subalgebras of type (III) for L are precisely
{M(L−1,M0(V )) | V ∈ V
L
i }.
(b) For any V and V˜ in VL
i
,
M(L−1,M0(V ))
alg
∼= M(L−1,M0(V˜ ))⇐⇒ V
sspace
∼= V˜ .
(c) L has exactly n(n+1)/2 pairwise non-isomorphic maximal R-subalgebras of
type (III).
(d) For any V ∈ VL
i
, we have the following dimension formulas:
dimM(KO−1,M0(V )) =
{
pn−s+t2n−t+1 + pt2s−ts, s 6= n.
pt2n−t+1(1 + n), s = n.
where s = misdimV and t = dim V0¯.
Lemma 5.2. Let M be an MGS of type (III) for L. Then M0 is a maximal
subalgebra of L0.
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Proof. Suppose M0 is not a maximal subalgebra of L0, and M0 is a proper subal-
gebra of L0, which contains M0 properly. For i ∈ N, define
M i = {u ∈ Li | [u, L−1] ⊂M i−1}.
Using induction on i, we can see that M i is an M0-module, and Mi ⊂ M i. So
L−2 + L−1 + M0 + M1 + M2 + · · · is a proper subalgebra of L containing M
properly, which contradicts to the maximality of M . This shows that M0 must be
a maximal subalgebra of L0.
Lemma 5.3. If M is an MGS of type (III) for L, then there exists a maximal
subalgebra A0 of L0 such that M =M(L−1, A0).
Proof. SupposeM is an MGS of type (III) for L. ThenM0 is a maximal subalgebra
of L0 by Lemma 5.2. Let A0 =M0. If we setMi−1 ⊂Mi−1(L−1, A0) for any i ≥ 0,
then we can get Mi ⊂ Mi(L−1, A0) from the fact [Mi, L−1] ⊂ Mi−1. As a result,
M ⊂M(L−1, A0). Consequently, M =M(L−1, A0) by the maximality of M .
Lemma 5.4. Suppose A0 is a reducible maximal subalgebra of L0. Then there
exists a proper subspace V of L−1 such that A0 =M0(V ).
Proof. Since L−1 is a reducible A0-module, we can set V to be a nontrivial subspace
of L−1 which is invariant under A0. So A0 ⊂ M0(V ). Notice that M0(V ) 6= L0,
since L−1 is an irreducible-L0 module. Thus we have A0 =M0(V ).
5.1. HO(n) and SHO(n). Let L = HO(n) or SHO(n). We will determine the
maximal R-subalgebras of type (III) for L.
Proposition 5.5. Suppose A0 is a reducible maximal subalgebra of L0. Then
M(L−1, A0) is an MGS of L.
Proof. For any
0 6= D ∈ L\M(L−1, A0),
there exist u1, . . . , ul ∈ L−1 such that
0 6= [ul, . . . , [u1, D] . . .] = D
′ ∈ L0\A0.
Since A0 is maximal in L0, we have
L0 ⊂ 〈M0(L−1, A0), D
′〉 ⊂ 〈M(L−1, A0), D〉.
As A0 is a reducible subalgebra of L0, there exists V ⊂ L−1 such that A0 =M0(V ),
by Lemma 5.4. We may assume that V is a standard subspace of L−1. Sup-
pose V1, V2, V 2 and V3 are subspaces of L−1 associated with V which are defined
as in (4.1), and Iv1 , Iv2 , Iv2 and Iv3 are corresponding index sets. Obviously,
M1(L−1, A0) 6= 0. We assert that L1 ⊂ 〈M(L−1, A0), D〉. This is because that
SHO1 is an irreducible SHO0-module; and that for L = HO, if Iv1 6= ∅, then
there exists i ∈ Iv1 such that x
(2εi)xi′ ∈M1(L−1, A0); if Iv1 6= ∅, there exist i ∈ Iv2
and i′ 6= j ∈ Iv2 ∪ Iv3 such that xixjxj′ ∈ M1(L−1, A0). By Lemma 3.1, we have
L1 ⊂ 〈M(L−1, A0), D〉. Thus 〈M(L−1, A0), D〉 = L. This completes the proof.
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As for VLn and V
L
i
, we define
VLne ={V ∈ V
L \ {VLn ∪V
L
i } | V has an n-dimensional
isotropic subspace and R(V ) 6= 2}.
Lemma 5.6. Let V be a subspace of L−1. Then M0(V ) is a maximal subalgebra
of L0 if and only if V ∈ V
L
n ∪V
L
i
∪VLne.
Proof. Suppose L = HO(n). We may assume that V is a standard subspace of
L−1. Suppose V1, V2, V 2 and V3 are subspaces of L−1 associated with V which are
defined as in (4.1), and Iv1 , Iv2 , Iv2 and Iv3 are corresponding index sets. First we
consider the sufficiency. We need to show that M0(V ) is a maximal subalgebra of
L0, for any V ∈ VLn ∪ V
L
i
∪ VLne. If V ∈ V
L
i
, then L−1 = V2 ⊕ V 2 ⊕ V3, where
V2 = V . By Lemma 4.3, we haveM0(V ) = V L−1⊕V 23 and L/M0(V )
∼= V
2
2⊕V 2V3.
Assert that V
2
2 ⊕ V 2V3 is an irreducible M0(V )-module. In fact, suppose N is a
nonzero M0(V )-submodule of V
2
2 ⊕ V 2V3. Since the standard torus T ⊂ M0(V ),
there is 0 6= xixj ∈ N , by Lemma 2.3. If (i, j) ∈ Iv2 × Iv2 , then for any (q, l) ∈
Iv2 × Iv2 ∪ Iv2 × Iv3 , we have
Lǫq+ǫl ⊂ [Lǫi+ǫj , Lǫj′+ǫl ] ⊂ N, for q = i;
Lǫq+ǫl ⊂ [[Lǫq+ǫj′ , Lǫi+ǫj ], Lǫi′+ǫl ] ⊂ N, for q 6= i.
Thus, N = V
2
2⊕V 2V3. If (i, j) ∈ Iv2×Iv3 , we may assume that t ∈ {(s+1)
′, . . . , n′},
since n− s > 1. Then Lǫi+ǫj′ = [Lǫi+ǫj , Lǫj′+ǫj′ ] ∈ N . For l ∈ Iv2 ∪ Iv3\{j, j
′}, we
have
Lǫi+ǫl ⊂ [Lǫi+ǫj′ , [Lǫi+ǫj , Lǫi′+ǫl ]] ⊂ N.
Furthermore, for (q, l) ∈ Iv2 × Iv2 ∪ Iv2 × Iv3 , we have
Lǫq+ǫl ⊂ [Lǫi+ǫl , Lǫq+ǫi′ ] ⊂ N.
Thus, N = V
2
2 ⊕ V 2V3. So M0(V ) is a maximal subalgebra of L0. Similarly, for
V ∈ VLn ∪ V
L
ne, the fact that L/M0(V ) is an irreducible M0(V )-module implies
M0(V ) is a maximal subalgebra of L0. For L = SHO, the lemma can be shown in
a similar way, since MSHO0 (V )⊕ Fx1x1′ =M
HO
0 (V ).
Next we consider the necessity. We need to show that M0(V ) is not a maximal
subalgebra of L0 if V 6∈ V
L
n ∪ V
L
i
∪ VLne. By Lemma 4.4, we may assume that
V is a standard subspace of L−1. Suppose V1, V2, V 2 and V3 are subspaces of
L−1 associated with V which are defined as in (4.1), and Iv1 , Iv2 , Iv2 and Iv3 are
corresponding index sets. For Iv1 6= φ, Iv2 6= φ and Iv3 6= φ, there exists (i, j) ∈
Iv1 × Iv3 such that M0(V ) ( 〈M0(V ), xixj〉. However 〈M0(V ), xixj〉 does not
contain {xqxl ∈ L0 | (q, l) ∈ Iv1 × Iv2}. So M0(V ) is not a maximal subalgebra of
L0. Similarly, for the remaining cases, we can show that M0(V ) is not a maximal
subalgebra of L0.
Proof of Theorem 3(1). Let L = HO(n). Suppose M is a maximal R-subalgebra
of type (III) for L. It is seen from Lemma 5.4 that there exists V ⊂ L−1 such that
M0 = M0(V ). According to Lemma 5.6, we can see that V ∈ VLn ∪ V
L
i
∪ VLne.
First we consider V ∈ VLn . We may assume that V is a standard subspace of L−1.
Suppose V1 and V3 are subspaces of L−1 associated with V which are defined as in
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(4.1), and Iv1 , Iv3 are corresponding index sets. In this case, L−1 = V1⊕V3, where
V1 = V . It is easy to show that Mi(L−1,M0(V )) = V
i+2 ⊕ V i+23 by induction.
Furthermore,
M(L−1,M0(V )) =
(⊕
i>0
V i
)
⊕
(⊕
j>0
V j3
)
.
Suppose R(V ) = 2k. We have
dimM(L−1,M0(V )) = (2p)
k + (2p)n−k − 2.
For 1 < r < n− 1, set
Vr = spanF{xj ∈ L−1 | j ∈ 1, r ∪ 1′, r′}.
According to Lemma 2.1, M(L−1,M0(Vr)) ∼= M(L−1,M0(Vn−r)). Moreover, we
can see that there are ⌊(n − 2)/2⌋ pairwise maximal R-subalgebras up to isomor-
phism.
Next we consider V ∈ VL
i
∪ VLne. Notice that if V ∈ V
L
ne, then there exists
V ′ ∈ VL
i
such that M0(V ) = M0(V
′). Thus we may assume that V ∈ VL
i
is a
standard subspace of L−1. Suppose V2, V 2 and V3 are subspaces of L−1 associated
with V which are defined as in (4.1), and Iv2 , Iv2 and Iv3 are corresponding index
sets. Obviously, M0(V ) = V L−1 ⊕ V
2
3 . Furthermore, by induction we have
M(L−1,M0(V )) =
( ⊕
i≥0,j≥0
V iV j3
)
⊕
(⊕
l≥0
V lV 2
)
.
Moreover
dimM(L−1,M0(V )) = p
n−s+t2n−t + pt2s−ts− 1,
where misdimV = s and dim V0 = t. Computing the dimension of M0(V ), we can
see that in this case,
M(L−1,M0(V ))
alg
∼= M(L−1,M0(V˜ ))⇐⇒ V
sspace
∼= V˜ .
Thus, there are (n2 + n)/2 pairwise maximal R-subalgebras up to isomorphism.
Note that
M(SHO−1,M0(V )) =M(HO−1,M0(V )) ∩ SHO,
and M(SHO−1,M0(V )) is maximal in SHO if and only if M(HO−1,M0(V )) is
maximal in HO. So to finish the theorem, we only need to compute the dimension
of M(SHO−1,M0(V )). Suppose R(V ) = 2k, misdimV = s and dimV0 − k = t.
If V ∈ VSHOn , then
dimM(SHO−1,M0(V ))
= dimM(HO−1,M0(V )) ∩ SHO
=dimSHO′(k) + dimSHO′(n− k)
=
k∑
l=2
(
(2k−1 − 2k−l)
∑
(i1,...,il)∈J(l,k)
l∏
c=1
πic
)
+ (p+ 1)k
+
n−k∑
m=2
(
(2n−k−1 − 2n−k−m)
∑
(j1,...,jm)∈J(m,n−k)
m∏
c=1
πjc
)
+ (p+ 1)n−k − 2.
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If V ∈ Vi, then
dimM(SHO−1,M0(V ))
= dimM(HO−1,M0(V )) ∩ SHO
=dim
(⊕
i>0
V i3
)
⊕
(( ⊕
j>0,q≥0
V jV q3
)
∩ SHO
)
+ dim
((⊕
l≥0
V lV 2
)
∩ SHO
)
=pt2n−s dimSHO′(n− s)− dim{x(α)xu ∈ ⊕i>1V
i
3 | I(α, u) = I˜(α, u) = φ} − 1
+ (t− 1)pt−2(p− 1)22s + (s− 1)pt2s−2 + pt−1(p− 1)2s−1
=pt2n−s
(
n−s∑
i=2
(
(2n−s−1 − 2n−s−l)
∑
(i1,...,il)∈J(l,n−s)
l∏
c=1
πic
)
+ (p+ 1)n−s − 1
)
− 2n−s + (t− 1)pt−2(p− 1)22s + (s− 1)pt2s−2 + pt−1(p− 1)2s−1 − 1.
5.2. KO(n) and SKO(n, λ). Let L = KO(n) or SKO(n, λ). In this subsection,
we will determine the maximal R-subalgebras of type (III) for L. As for HO(n)
and SHO(n), we have the following lemma:
Lemma 5.7. Let A0 be a reducible maximal subalgebra of L0. If V ⊂ L−1 is a
nontrivial invariant subspace of A0 such that A0 =M0(V ), then M(L−1, A0) is an
MGS of L if and only if V ∈ VL
i
∪VLne.
Proof. Let L = KO(n). Since V is a invariant subspace of A0, we can see that A0 =
M0(V ). Then as M
KO
0 (V ) =M
HO
0 (V )⊕ Fz, we can see that V ∈ V
L
n ∪V
L
i
∪VLne.
We may assume that V is a standard subspace of L−1. Suppose V1, V2, V 2 and
V3 are subspaces of L−1 associated with V which are defined as in (4.1), and
Iv1 , Iv2 , Iv2 and Iv3 are corresponding index sets.
We consider the sufficiency firstly. Suppose V ∈ VL
i
∪VLne. Assert that
M(L−1, A0) ∩ L1,1,M(L−1, A0) ∩ (L1,0\L
′
10) 6= ∅.
Indeed if V ∈ VL
i
∪ VLne, then there exists l ∈ Iv2 and m ∈ 1, 2n such that
xlz ∈ L1,1 ∩M(L−1, A0) and xlxmxm′ ∈ L1,0 ∩M(L−1, A0) respectively. Now we
show that M(L−1, A0) is an MGS of L. For any D ∈ L\M(L−1, A0), there exists
D′ ∈ L0\M0(L−1, A0), by the definition of M(L−1, A0). We have 〈A0, D
′〉 = L0,
as A0 is maximal in L0. So 〈M(L−1, A0), D′〉 = L by our assertion.
Next we consider the necessity. Suppose V /∈ VL
i
∪VLne. Then V ∈ V
L
n . Now we
show that M(L−1, A0) is not an MGS of L. For any i > 0, set
M0i = V
i+2 ⊕ V i+23 .
Assert that M0i = Mi(L−1, A0), for any i > 0. Firstly, we show that M
0
1 =
M1(L−1, A0). Obviously, M
0
1 ⊂ M1(L−1, A0). Conversely, suppose there is u ∈
M1(L−1, A0)\Ann(L−2). We may assume that u = xiz + f1, where xi ∈ V and
f1 ∈ Ann(L−2). For any t ∈ 1, 2n,
[xt, u] = [xt, xiz + f1] = −(−1)
τ(i)xtxi + [xt, xi]z + [xt, f1] ∈ A0.
Consequently,
− (−1)τ(i)xtxi + [xt, f1] ∈ A0 (5.1)
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Suppose f1 = f
′
1 + f
′′
1 + f
′′′
1 , where f
′
1 ∈ V
2V3, f
′′
1 ∈ V V
2
3 and f
′′′
1 ∈ V
3 ⊕ V 33 . For
any xt ∈ V , from (5.1) we can see that
[xt, f
′
1] + [xt, f
′′
1 ] + [xt, f
′′′
1 ]− (−1)
τ(i)xtxi ∈ A0.
So [xt, f
′
1] ∈ A0. Since V V3 * A0 and [xt, f
′
1] ∈ V V3, we have [xt, f
′
1] = 0. As xt
can be any element in V , we have f ′1 = 0. Consequently, f1 = f
′′
1 + f
′′′
1 . For any
xt ∈ V3, we have
−(−1)τ(i)xtxi + [xt, f
′′
1 ] = 0.
Take xt ∈ (V3)0¯. Then
f ′′1 = (−1)
τ(i)xtxt′xi + f˜
′′
1 ,
where ∂t′(f˜
′′
1 ) = 0.Moreover, ∂t(f˜
′′
1 ) = −(−1)
τ(i)2xt′xi, since ∂t(f
′′
1 ) = −(−1)
τ(i)xt′xi.
So
∂t∂t′(f˜ ′′1 ) = (−1)
τ(i)2xi 6= 0,
which is contradict to ∂t∂t′(f˜ ′′1 ) = 0. Thus M1(L−1, A0) ⊂ M
0
1 . For i > 1, it is
easily to see that Mi(L−1, A0) =M
0
i by induction. Take (s, t) ∈ Iv2 × Iv3 , then
xsxtxt′ ∈M1(V ) \M1(L−1, A0).
Thus, M(L−1, A0) ( L−2 +L−1 +L0 +L1,0 + · · · . So M(L−1, A0) is not an MGS
of L.
For L = SKO, the lemma can be shown in a similar way.
Let A0 be a reducible maximal subalgebra of L0. Then there exists V ⊂ L−1
such that A0 = M0(V ). Moreover, if V ∈ VLne, then there exists an isotropic
subspace V ′ of V such that A0 = M(V
′). Thus we only need to consider the case
when V ∈ VL
i
in order to enquire the maximal R-subalgebras of type (III).
Suppose L = KO(n) or SKO(n, λ). Let A0 be a maximal R-subalgebra of L0.
Suppose V ∈ VL
i
such that A0 = M(V ) and dimV = s. We may assume that
V is a standard subspace of L−1. Suppose V1, V2, V 2 and V3 are subspaces of
L−1 associated with V which are defined as in (4.1), and Iv1 , Iv2 , Iv2 and Iv3 are
corresponding index sets. Let y0 =
∑
i∈Iv2
(−1)τ(i)xixi′ . We have the following
lemma:
Lemma 5.8. Suppose u ∈ L and u /∈ Ann(L−2).
(1) For L = KO(n),
(a) if s = n, then u ∈ M(L−1, A0) if and only if u = fz + fy0 + g, where
f, g ∈
(⊕
i≥0 V
iV 2
)
⊕
(⊕
j≥0 V
j
)
.
(b) if s 6= n, then u ∈ M(L−1, A0) if and only if u = fz + fy0 + g, where
f ∈ ⊕i≥0,j≥0V iV
j
3 , g ∈
(⊕
i≥0 V
iV 2
)
⊕
(⊕
i≥0,j≥0 V
iV j3
)
.
(2) For L = SKO(n, λ),
(a) if nλ−t+s = 0 in F, then u ∈M(L−1, A0) if and only if u = f(z+nλx1x1′)+g,
where f ∈
⊕
i≥0 V
i, g ∈
((⊕
i≥0 V
iV 2
)
⊕
(⊕
i≥0,j≥0 V
iV j3
))
∩ L.
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(b) if nλ − t + s 6= 0 in F, then u = k(z + nλx1x1′ ) + g, where k ∈ F, g ∈
V 21 ⊕ V2L−1 ⊕ V
2
3 .
Proof. Here we only show the case that L = KO(n) with s = n. Suppose
L = KO(n) with s = n below. First we consider the sufficiency. Denote Ω =
M(L−1, A0). Suppose u = fz + fy0 + g satisfying the condition (1)(a). Evidently,
g ∈ Ω. Thus we only need to show that fz + fy0 ∈ Ω by induction on |f |. For
|f | = 1, we may assume that f = xi, i ∈ 1, 2n. For any k ∈ 1, 2n, we have
[xk, xiz + xiy0] = [xk, xi]z − (−1)
τ(i)xkxi + (−1)
τ(i)[xk, y0]xi + [xk, xi]y0 ∈ A0.
Thus xiz + xiy0 ∈ Ω, for i ∈ 1, 2n. Suppose |f | > 1. For any k ∈ 1, 2n, we see
from induction that
[xk, fz + fy0] = [xk, f ]z − (−1)
|f |xkf + (−1)
|f |[xk, y0]f + [xk, f ]y0 ∈ Ω.
So fz+fy0 ∈ Ω, and consequently u ∈ Ω. Next we consider the necessity. Suppose
u = fz + g ∈ Ω, f, g ∈ Ann(L−2). We will show that u satisfies the condition
(1)(a). Since u ∈ Ω, we have
f = −(−1)|f |[1, u] ∈ Ω ∩HO(n) =
(⊕
i≥0
V iV 2
)
⊕
(⊕
j≥0
V j
)
.
Hence fz + fy0 ∈ Ω. Now u = fz + fy0 + g′, where g′ ∈ Ω ∩ HO. So u satisfies
the condition (1)(a).
Proof of Theorem 3(2). It is a direct consequence of Lemma 5.8.
In order to complete the description of all the MGS of Lie superalgebra for
odd Cartan type, it remains for us to describe the maximal S-subalgebras. Un-
fortunately, we have not obtained their explicit description similar to other types.
However, we know that
HO0 ∼= p˜(2n) ∼= SKO0; SHO0 ∼= p(2n); KO0 ∼= p˜(2n)⊕ FI2n×2n,
where
p˜(2n) =
{(A B
C −AT
)
∈ gl(2n, 2n) | B = BT , C = −CT
}
,
p(2n) =
{(
A B
C −AT
)
∈ gl(2n, 2n) | B = BT , C = −CT , trA = 0
}
.
We only need to determine all the maximal subalgebras of p(2n), p˜(2n) and p˜(2n)⊕
FI, by Lemmas 5.2 and 5.3. So the classification of maximal S-subalgebras of L
can be reduced to the classification for the maximal subalgebras of p(2n), p˜(2n)
and p˜(2n)⊕ FI.
Appendix
Assume that the underlying field F is of characteristic p 6= 2.
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Recall the definition of Z2-graded vector space. A Z2-graded vector space is a
vector space V which decomposes into a direct sum of the form V = V0¯ ⊕ V1¯,
where V0¯ and V1¯ are vector spaces. Denote the superdimension of V by sdimV =
(dim V0¯, dimV1¯). The elements of V0¯ (resp. V1¯ ) are called even (resp. odd). An
element of V is called Z2-homogeneous (or simply homogeneous) if it is an even
or odd element. A basis of V is called a homogeneous basis if each basis element
is homogeneous. To say {α1, . . . , αm | β1, . . . , βn} is an ordered homogeneous
basis of V means αi ∈ V0¯, βj ∈ V1¯. A subspace U of V is called Z2-graded if
U = ⊕θ∈Z2(U ∩ Vθ).
We are now in the position to describe a Z2-graded vector space with a non-
degenerate bilinear form. From linear algebra theory, a vector space W is called a
symplectic space, if there is a non-degenerate, skew-symmetric bilinear form (−,−)
on W , denoted as (W, (−,−)).
Definition A.1. A Z2-graded vector space V is called a symplectic superspace, if
there is an odd, non-degenerate, skew supersymmetric bilinear form (−,−) on V ,
denoted as (V, (−,−)) or simply, V .
Remark A.2. A subspace of a symplectic superspace in general is not a symplectic
superspace.
From the linear algebra theory, if (W, (−,−)) is a symplectic space, then there
exists a basis of W
{α1, α2, . . . , αn, α1′ , α2′ , . . . , αn′}
such that (αi, αi′) = −(αi′ , αi) = 1 for i ∈ {1, . . . , n}; (αi, αj) = 0, for i 6= j′. We
have a similar fact as in non-super case:
Lemma A.3. Let U be a subspace of a symplectic superspace V . Then there
exists a homogeneous basis of U
{α1, . . . , αk, αk+1, . . . , αl | α1′ , . . . , αk′ , α(k+1)′ , . . . , αs′}
such that for i ∈ {1, . . . , l} and j ∈ {1′, . . . , s′}
(αi, αj) =
{
1, i ∈ {1, . . . , k}, j = i′
0, otherwise
(A.3)
where 2k is the rank of U and sdimU = (l, s). In particular, the dimension of V is
even.
Proof. We use induction on dimU . If dimU = 1, then the lemma obviously holds
since (−,−) is odd. Now assume that dimU > 1. If (−,−) = 0, the lemma is
obviously true. Otherwise, there are vectors β1 ∈ V0, β1′ ∈ V1 such that (β1, β1′) 6=
0. We may assume that (β1, β1′) = 1. Extend {β1, β1′} to a homogeneous basis of
U
{β1, β
′
2, . . . , β
′
l | β1′ , β
′
2′ , . . . , β
′
s′}.
For all i ∈ {2 . . . l}, j ∈ {2 . . . s}, put
βi = β
′
i − (β
′
i, β1′)β1, βj′ = β
′
j′ − (β
′
j′ , β1)β1′ .
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We have (βi, β1′) = 0 = (βj′ , β1), and {β1, β2, . . . , βl | β1′ , β2′ , . . . , βs′} is a homo-
geneous basis of U . Set
U = U1 + U2
where U1 = spanF{β1 | β1′}, U2 = spanF{β2, . . . , βl | β2′ , . . . , βs′}. By induction
there exists a homogeneous basis of U2
{α2, . . . , αk1 , αk1+1, . . . , αl | α2′ , . . . , αk′1 , α(k1+1)′ , . . . , αs′}
such that for i ∈ {2, . . . , l} and j ∈ {2′, . . . , s′}
(αi, αj) =
{
1, i ∈ {2 . . . k1}, j = i′,
0, otherwise,
where 2(k1 − 1) is the rank of U2. Putting α1 = β1, α1′ = β1′ , one sees that
{α1, . . . , αk1 , αk1+1, . . . , αl | α1′ , . . . , αk′1 , α(k1+1)′ , . . . , αs′}
is a desired basis and k1 = R(U)/2 = k.
Suppose U is a subspace of a symplectic superspace V . If a homogeneous basis
of U satisfies the identity (A.3), we call it a homogeneous symplectic basis of U .
Corollary A.4. Let V be a symplectic superspace. Then there exists a homoge-
neous basis
{α1, α2, . . . αn | α1′ , α2′ , . . . αn′}
such that for i ∈ {1 . . . n}, j ∈ {1′ . . . n′}
(αi, αj) =
{
1, j = i′,
0, otherwise,
where dimV = 2n.
If U is a Z2-graded subspace of V , put U⊥ = {x ∈ V | (x, U) = 0}, then
U⊥ is a Z2-graded subspace of U , called a complementary space of U . Moreover,
dimU + dimU⊥ = dimV, if (−,−) is nondegenerate on V .
Definition A.5. Let V be a symplectic superspace, and V1, V2 be subspaces of
V . We call V1 is sym-isomorphic to V2 if there is an isomorphism f : V1 −→ V2
as supervector space such that (u, v) = (fu, fv), for all u, v ∈ V , denoted as
V1
sspace
∼= V2. We call f a symplectic isomorphism.
Let V be a symplectic superspace. Put ssdimV = (k, s,m, n), where 2k is the
rank of V , s is the dimension of maximal isotropic subspace of V , m = dimV0¯,
n = dimV1¯.
Proposition A.6. Let V be a symplectic superspace, and V1, V2 be subspaces of
V . Then
V1
sspace
∼= V2 ⇐⇒ ssdimV1 = ssdimV2
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Lemma A.7. Let V be a symplectic superspace. Then f : V −→ V is a
sym-isomorphism if and only if KTJK = J , where K is the matrix of f for
any chosen homogeneous basis of V , denoted as
(
An×n 0
0 Dn×n
)
, dimV = 2n,
J =
(
0 In
−In 0
)
, that is, ATD = I.
Definition A.8. A Z2-graded subspace W of a symplectic superspace V is called
isotropic (resp. symplectic) subspace of V if W ⊂W⊥ (resp. W ∩W⊥ = {0}).
Lemma A.9. Let V be a symplectic superspace, and W be an isotropic (sym-
plectic) subspace of V . Then any homogeneous basis of W can be extended to a
homogeneous symplectic basis of V .
Proof. First we show that the lemma holds for W = W⊥. In fact, let sdimW =
(s, t) and
{αi1 , . . . , αis | αj1 , . . . , αjt}
be a homogeneous basis of W . Put
Wr = spanF
{
{αi1 , . . . , αis | αj1 , . . . , αjt}\{αr}
}
,
for any r ∈ Γ = {i1, . . . , is, j1, . . . , jt}. Since Wr ( W , we have W = W⊥ ( W⊥r .
Thus there is βr ∈ W⊥r \W . We can assume that βr is a homogeneous element of V
such that (βr, αr) = 1, since βr /∈W . Obviously (αr1 , βr) = 0, for any r1 ∈ Γ\{r}.
Hence, there is a basis of Wr
{αi1 , . . . , αis , βj1 , . . . , βjt | βi1 , . . . , βis , αj1 , . . . , αjt}
such that for i, j ∈ {i1, . . . , is, j1, . . . , jt},
(αi, βj) =
{
1, i = j,
0, i 6= j.
For k ∈ {1, . . . , s}, m ∈ {1, . . . , t}, set
αi′
k
= βik −
t∑
l=1
(βjl , βik)αjl , αj′m = βjk −
s∑
l=1
(βil , βim)αil .
A short calculation shows that
{αi1 , . . . , αis , α
′
j1
, . . . , α′jt | α
′
i1
, . . . , α′is , αj1 , . . . , αjt}
is a homogeneous symplectic basis of V . The reminder is obvious in view of the
fact above.
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